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Abstract 

In this paper, we study existence, multiplicity and concentration of 
positive solntions for the following class of quasilinear problems 

—A^u + V{ex)4>{\u\)u = f{u) in (iV > 2), 

where <I>(t) = (l){s)sds is a N-function, is the 3>-Laplacian 

operator, e is a positive parameter, V : R is a continuous 

function and / : R —R is a C^-function. 
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1 Introduction 

In this paper, we are concerned with existence, multiplicity and concentra¬ 
tion of positive solutions for the following class of quasilinear problems 

J -Aq,u + V{ex)(l){\u\)u = /(ri)inM^, , . 

\ uG ^ 
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where > 2, e is a positive parameter, the operator A$u = div((/)(| Vri|)Vri), 
where $(t) = (j){s)sds, named d>-Laplacian, is a natural extension of the 
p-Laplace operator, with p being a positive constant. 

This class of problems arises in a lot of applications, such as 

Nonlinear Elasticity: + — l,a G (1, jJ^), 

Plasticity: ^{t) = fP ln(l + t), 1 < <p<A^ — 1,A>3, 

Generalized Newtonian Fluid: <h(t) = Jq s^““(sinh“^ s)^ds,0 < a < 1 and 
/3>0, 

Non-Newtonian Fluid: ^{t) = ^\t\P for p > 1, 

Plasma Physics: d>(t) = where 1 < p < q < N with q G {p,p*)- 

The reader can hnd more details involving this subject in US], m, m and 
their references. 

In the last years, problem dP^D has received a special attention for the 
case where ^{t) = that is, when it is of the form 

—AuV{ex)u = f {u) in M^, 

where / is a C^-function with subcritical or critical growth and 1/ is a con¬ 
tinuous function verifying some conditions. We believe that the two most 
famous conditions on V are the following: 

Condition (Vq) ( see Rabinowitz [33] ): 

Voo ;= liminf V{x) > Vq := valV{x) > 0. 

|x|—>-|-CXD R.V 

Condition (Vi) ( see del Pino and Felmer [T3] and Gui [23] ): 

V{x)>Vo= inf R(x)>0 for all a; G M^, (i) 

and there is an open and bounded domain A C such that 

Vo < inf V(x). in) 

x€dA 

In the literature, the reader can hnd a lot of papers, where the existence, 
multiplicity and concentration of positive solutions have been obtained in 
connection with the geometry of the function V. In some of them, it was 
proved that the maximum points of the solutions are close to the set 

(M) A/ = {x G : V{x) = Vq}, 
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when e is small enough. Moreover, in a lot of papers, the multiplicity of 
solution is also related to topology richness of the set M. The reader can 
find more information about this subject in 0, m, [S], [S], [30], [31], [33] 
and their references. 

For the case where with p > 1 or <l>(t) = with 

q,p > 1, the problem ( j^j ) becomes 

—Apu + V{ex)\u\^~'^u = f{u), in 

and 

—ApU — AqU + V{ex){\u\^~‘^u + \u\^~‘^u) = /(u), in 

respectively. For these class of problems, the existence, multiplicity and 
concentration of solutions have also been considered in some papers, see for 
example, p], [3], [8], m. m, m, m and their references. 

For the case where the function <1> belongs to a large class of functions, 
including for example, 

$(i) = (1 + _ 1 or $(t) = tP ln(l + 1), 


we do not have found in the literature any paper where the existence, 
multiplicity and concentration of solutions have been studied for some of 
the above functions, which appear in important applications as mentioned 
before. Motivated by this fact, in the present paper we study the existence, 
multiplicity and concentration for a large class of functions ‘h by supposing 
condition (Vq). However, we would like point out that we are finishing other 
paper, where the same type of study has been made, by assuming that V 
verifies (Vi). 

Actually, we have observed that there are interesting papers studying the 

when e = 1, we would like to cite the papers 
and references therein. 


existence of solution for ([^ 


m, 0 , m, m, m, m, 

In this work, we generalize the arguments used in [2113], in the sense that, 
we will obtain the same type of results for a large class of operators. In the 
proof our result, we will work with N-function theory and Orlicz-Sobolev 
spaces. In the above references, the L°°-estimate of some sequences was 
obtained by using interaction Moser techniques, which does not work well 
when we are working with a general class of quasilinear operators. Here, we 
overcome this difficulty showing new estimates by adapting some arguments 
found in 0, [22], m, m and [35] . 

Related to functions 4> and /, our hypotheses are the following: 


Conditions on 
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The function (f> : [0, +oo) —>■ [0, +oo) is a C^- function satisfying 
{4>i) {4>{t)t)' > 0 for all t > 0. 

{(j) 2 ) There exist l,m ^ such that 

I <m <1* = 


and 


where 


“ ^>(t) “ ^ ’ 


r\t\ 

^{t) = / (j){s)sds. 

Jo 


(</>3) 

(</>4) 

(</>5) 


The function is nonincreasing in (0,+oo). 

The function cj) is monotone. 

There exists a constant c > 0 such that 


\4> (t)t| < c(j){t) V t € [0, +oo). 


Hereafter, we will say that € Cm if 

(Cm) m > \tr vt G M. 

Moreover, let us denote by 7 the following real number 

( m, if G Cm, 

\ if $ ^ Cm. 

Here, we would like to detach that the functions cf) associated with 
each N-function mentioned in this introduction, except the N-function 
‘k(t) = Jq s^““(sinh“^ s)^ds, verify the conditions {(j)i)-{ 4 > 5 ). 

Conditions on /: 

The function / : M —)■ M is a C^- function verifying: 
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(/i) There are functions r,b : [0,+oo) ^ [0,+oo) such that 

,• /'W n . V l/WI . , 

hmsup , ,1 = 0 and hmsup ,, < +oo. 

(/ 2 ) There exists 6 > m such that 

0 < eF{t) < f{t)t \/t > 0 , 

where 

^it) = [ fis)ds. 

Jo 

f (^) 

(/s) The function is increasing for t > 0. 

Related to functions r and b above, we assume that they are C^- function 
satisfying the ensuing conditions: 

(ri) r is increasing. 

(r 2 ) There exists a constant c > 0 such that 

|r'(t)t| < cr{t), V t > 0. 

(ra) There exist positive constants ri and r 2 such that 


n < 


R{t) 


where 


< r2, Vt / 0 , 


f\t\ 

R{t) = / r{s)sds. 

Jo 


(r4) The function R satisfies 


T di{t) R{t) 

hmsup —< +00 and hmsup —= U. 
t^o m 


(bi) b is increasing. 

(62) There exists a constant c > 0 such that 

|6'(t)t| < cb{t), yt > 0. 
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( 63 ) There exist positive constants 61,62 G (1,7*) verifying 


where 7 * 


N-y 

N-'y 


and 


r\t\ 

B{t) = / b{s)sds. 

Jo 


( 64 ) The function B satisfies 


B{t) 

hmsup—< +00 
t^o <^{t) 


and 


lim sup 


Bit) 


|4K+oo ^*it) 


= 0 , 


where is the Sobolev conjugate function, which is defined by inverse 
function of 

/■* 

Jo S^N 

Using the above hypotheses, we are able to state our main result. 


Theorem 1.1 Suppose that ((fii) ((J^). (ry) (v/y). (by) (b 4 ^), (fi) (f^) and 


(Vb) hold. Then, for any 6 > 0 small enough, there exists > 0 such that 
(Pe) has at least catMsi^) positive solutions, for any 0 < e < es, where 


Ms = {x € 




distix, M) < 6}. 


Moreover, if denotes one of these solutions and is a global 

maximum point of Uf,, then 


lim U(ex£) = Vq- 

We would like point out that, if T is a closed subset of a topological 
space X, the Lusternik-Schnirelman category catxiX) is the least number 
of closed and contractible sets in X which cover Y. 

2 Preliminaries about Orlicz-Sobolev spaces 

In this section, we recall some properties of Orlicz and Orlicz-Sobolev spaces. 
We refer to [DttSlEa for the fundamental properties of these spaces. First 
of all, we recall that a continuous function $ : M ^ [0, -|-oo) is a N-function 
if: 
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(i) $ is convex. 

{ii) $(t) = 0 t = 0 . 

iiii) lim —^ = 0 and lim —^ = +oo . 

t —>-0 t i —^’H-cxd ft 

(iv) $ is even. 

We say that a N-function $ verifies the A 2 -condition, denote by $ € A 2 , if 

$(2t) < K^{t) Vt > 0, 

for some constant AT > 0. In what follows, fixed an open set II C and a 
N-function <I>, we define the Orlicz space associated with $ as 

L^(n) = G : J < -|-oo for some A > o| . 

The space L‘*’(II) is a Banach space endowed with Luxemburg norm given 
by 

||u|| 4 , = inf |a > 0 : J < l| . 

The complementary function associated with is given by the Legendre’s 
transformation, that is, 

<I>(s) = maxjst — <I>(t)| for s > 0 . 
i>0 

The functions and <I> are complementary each other. In |19l 132] . we find 
the ensuing property involving $, <h: 

G A 2 if, and only if, {(P 2 ) holds. 

Moreover, we also have a Young type inequality given by 

st < <I>(t) -|- <I>(s) Vs,t > 0. 

Using the above inequality, it is possible to prove a Holder type inequality, 
that is, 


/ uvdx 

Jn 




VuGL^(H) and Vu G L'^(L!). 
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The corresponding Orlicz-Sobolev space is defined as 

= {m € L‘*’(0) : ^ ^ L^{Q), z = l,...,7v|. 


Usually, the Orlicz-Sobolev space is obtained by completion of C^{Q) with 
respect to norm 

||rt|| = ||Vrt||<j> -|- ||ri||<i>. 

The spaces and lU^’^(O) are separable and reflexive when ‘b and $ 

satisfy the A 2 -condition. The condition A 2 implies that 


and 


Un ^ u in 







u\)dx —>■ 0 


Un ^ uin {Q) 



Vu\)dx —>■ 0 and 



u\)dx 0. 


In the literature, we have some important embeddings involving the Orlicz- 
Sobolev spaces. In [Il[l6], it is showed that if A is a N-function satisfying 


lim sup 

t —^0 


m 

m 


< - 1-00 


and 


lim sup 

t—)-H-oo 


A{t) 

^*{t) 


< +00, 


then the embedding 

IU^’'*’(0) L^{n) 


is continuous. If U is a bounded domain, the embedding is compact. 

Before to conclude this introduction, we will prove a more general result 
than Theorem 1.2 found in [5]. In our work, the hypothesis is weaker 
that ((/> 3 ) and we do not use the hypotheses ((/> 2 ) from that paper. Here, we 
can work with the function (p{t) = 2a(l-|-t^)““^, which cannot be considered 

in [ 5 ]. 


Proposition 2.1 Let H C be a smooth domain. Assume (cpi) (4>5)- Let 
{rjn) be a sequence of vector fields, rjn'■ Ll ^ satisfying 


r]n G L^{Ll) X ... X and r]n{x) 0 a.e. x € H. 


V (ll^nll#) is bounded and a{y) := 4>{\y\)y for all y G then 



aivn) - a{w)\)dx 


OniX)) 


for each w G x ... x L'*’(H). 
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Proof. The proof is essentially the same explored in O Theorem 2.1], If 
(p is decreasing, the proof is the same. However, if (p is non-decreasing, it is 
necessary to make a little adjustment. As done in [5], the key point in the 
proof is to show that, given e > 0, there exist C, Cg > 0 such that 


\a{r]n + w) -a{r]n)\ < C {ep{\r]n{x)\)\r]n{x)\ + Cg(/>(|'u;(a;)|)|u;(x)|), (2.1) 

where C is independent of e. 

We can prove this fact using only the hypotheses (<?ii)||(05) In fact, just 
note that for each w € x ... x L^(H), the assumptions ((/>i)||( 05 ) imply 

\ai{r]n + w) - ai{r]n)\ < Ci{\w\p{\r]n\) + \w\4>{\w\)), ( 2 . 2 ) 

for some Ci > 0 . Define the sequence Hn = Ci\w\p{\'qn\)- 
Claim 2.2 For all e > 0, there exist C 2 , Cg > 0, such that 

Hn{x) < C2{e(p{\r]n{x)\)\r]n{x)\ + Cep{\w{x)\)\w{x)\) Vn e N. (2.3) 
Indeed, fixed x € M'^, we set 


Aa, = {n G N : |rc(3:)| < \rin{x)\} and := {n e N : \7jn{x)\ < |t(^(a;)|}- 
If n G Ax, [H Lemma 2.2] and A 2 -condition lead to 

Hn{x)\r]n{x)\ = {£P{\r]nix)\)\r]n{x)\) 

Y oung 

^>(^|u;(x)|) + '^{£(p{\rin{x)\)\rin{x)\) 

< C'g^>(|u;(a;)|)-t-e^>(2())(|77„(x)|)) 

< C'g^>(|u;(x)|)-kC'3e$(|ry„(x)|) 

< \{Ce(p{\w{x)\)\w{x)\^ + C2,£p{\rin{x)\)\rin{x)\^) , 

which implies that there exists (74 > 0 such that 

Hn{x) < Ci{£(p{\rin{x)\)\r]n{x)\ + Cg())(|'«;(x) j) |t(;(x) j). 

Now, if n G Bx, using the fact that p is increasing, we have that 

Hn{x) < C 2 p{\iv{x)\)\w{x)\, 
and so, there exists C 5 > 0 such that 

Hn{x) < C 5 {£p{\T]n{x)\)\r]n{x)\ + Cg())(|u;(x)j)|u;(x)j), 
showing the Claim 12.21 By (|2.2p and (|2.3p , we get (|2.1I) . ■ 
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3 Autonomous case 


In this section, our goal is to prove the existence of positive ground state 
solution for the problem 

J -Aq>u +fi(j){\u\)u = /(tt)inM^, , . 


where // is a positive parameter and the functions (p and / verify the 
hypotheses mentioned in the introduction. We recall that u G is 


a solution ( weak solution ) of () if 


f 0(|Vu|)VuVudx +/.i f (p{\u\)uvdx = ( f{u)vdx Vu G 


r,N\ 


Here, we would like point out that the above class of problems was 
considered in [1]. However, in that paper, it was not established the existence 
of ground state solution, characterization of the mountain pass level as the 
minimum of the energy function on the Nehari, regularity and positiveness 
of the solutions. This study is crucial for us, because some of our estimates 
depend these information. 

Since we intend to find positive solutions, we will assume that 


f{t) = 0 for all t < 0. 


(3.1) 


From now on, denotes the Orlicz-Sobolev space 1F^’'*’(M'^) endowed 
with the norm 

= l|Vu||$ + fi\\u\\q>. 

It is easy to check that embeddings 


Yf, ^ and Y^, ^ 


are continuous. Moreover, let us denote by : Y^ 
functional related to (|P„P given by 


—>■ M the energy 

F{u)dx. 


E^{u) = / ^{\Vu\)dx + fi / ^{\u\)dx— 

JrN Js.n jKiv 

Using standard arguments, it follows that E^ G (7^(1)^,]^) with 

E {u)v = / (/>(|Vu|)VuVu(ix + fJ, 4i{\u\)uvdx — / f{u)vdx, 

JrN JrJV yjRjV 


for all u, u G 
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Note that u € is a weak solution of (P^) if, and only if, u is a critical 
point of Efj_. Moreover, it is very important to observe that if u € is a 
critical point of E^, then u is nonnegative, because the equality E'{u)u- = 0 
yields U- = 0, where U- = max{—u, 0}. 

Arguing as in [U Lemma 4.1], the functional E^ verihes the mountain 
pass geometry. Then, we can apply a version of Mountain Pass Theorem 
without the Palais-Smale condition found in m, which assures the existence 
of a {PS)di^ sequence (un) C Y^, that is, a sequence satisfying 


E^iun) and E^{un) 0, 

where dn is the mountain level of Eu, that is, 


dn = inf max EJait)) 
^ aerte[o,i] ^ 


with 

P := {a G (^([0,1],^^); Pi^(O) = 0 and L;^(q:(1)) < 0}. 

Next, we will show some characterizations of which will be used later 
on. To this end, we denote by the Nehari manifold associated to E^ 
given by 

A4/, = {u G Y;,\{0} : E^{u)u = Qi}. 

Furthermore, we denote by d^^i and d ^^2 the ensuing real numbers 


dai= inf EJu) and dn2= inf inaxEn(tu). 
ueMi, ^ neY^\{o} t>o ' 


Lemma 3.1 Assume that (4>i) ((ps). (ri) (r 4 ,), (hi) (b/^) and (fi) (fs) hold. 
Then, for each u G y^\{0}, there exists a unique > 0 such that t^u G 
and EAtuu) = may: EAtu). Moreover, 

t>0 / 


dfj. — d/i,i — d^,2- 

Proof. For each u G y]i\{0}, we define git) = that is, 

g{t) = / ^{\V{tu)\)dx + g / ^{\tu\)dx — / E{tu)dx. 

Jrn J]^n JrJV 

By a direct computation, it follows that g{t) > 0 for t sufficiently small and 
g{t) < 0 for t sufficiently large. Thereby, there is > 0 such that 

g{tu) = max g{t) = max EJtu), 
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implying that t^u € Aifj,. 

Note that if u G then u+ = max{n, 0} 7 ^ 0. Suppose that there 
exist ti,t 2 > 0 such that tiu,t 2 U G Then 



{tiu)\)\'\/{tiu)f dx + fi 


(l){\tiu\)\tiu\^ dx 



and 


/ (t){\V {t 2 u)\)\V {t 2 u)\^ dx + I 4){\t2u\)\t2u\^ dx = / f{t 2 u)t 2 udx. 

jRiV J[u>0] 


Thus, 


/ 

Jw 


^(tl|Vu|) (/>(t 2 |Vu|) 


(tl|Vu|)™-2 (t2|Vu|)”*-2 


\Vurdx 


+ d- 


/ 


-1 

(P{t2\u\) 

\u\"^dx - 

f 

f{hu) 

f{t2u) 

(tl|nl)™-2 

{t2\u\)^-^ 


! [u>0] 

{tiu)"^-^ 

{t2u)^-^ 


From and (/ 3 )[ ti = t 2 - Now, the proof follows repeating the same 
arguments found in |37l Theorem 4.2], ■ 


The next lemma establishes some preliminary properties involving the 
Palais-Smale sequences of E^. 

Lemma 3.2 Let (un) be a {PS)c sequence for . Then, (un) is a bounded 
sequence in Y^. Moreover, if Un ^ u in for some subsequence, we have 
that 

(i) Un(x) —>■ u(x) a. e. in 

(m) V Un{x) ^ siu{x) a. e. inM.^, 

{Hi) E'^{u) = 0 , 

{iv) Un- = max{—Un,0} —>■ 0 m 

{v) Un+ = max{u„,0} is a {PS)c sequence for E^. Hence, we can assume 
that Un > 0 for all n G N, and so, u> 0. 

Proof. The proof of (i), (ii) and (Hi) follow using similar argument explored 
in [H Lemma 4.3]. The proof of (iv) follows as in [3l Lemma 2.3], while that 
(v) is an immediate consequence of {iv). ■ 


u^dx. 
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Lemma 3.3 Let (un) (ZYfj_ be a {PS)c sequence for with Un ^ 0 inY^. 
Then, 

a) in Y^, 
or 

b) There exist constants Ro,t > 0 such that 

liminf sup / ^{\un\)dx > r > 0. 

n^+oo JBR^iy) 


Proof. Suppose by contradiction that b) does not hold. Then, using a Lions 
type result for Orlicz-Sobolev spaces developed in [3], we know that 


B{\un\)dx —>■ 0. 


(3.2) 


By |(/i)ti(/ 2 )l I(r3)ti(r4)i |((/> 2 )| and |(53)| for each T] > 0, there exists > 0, 
such that 


\f{Un)Un\ < T]Cl^{\Un\) + Crjb2B {\Un\) ■ (3.3) 

Then, gathering the boundedness of (u„) in L'^(M^), ()3.2p and ()3.3p . we get 

/ f{un)undx 0, 


which leads to 


/ (p{\S/Un\)\VUn\'^dx + fI 4>{\Un\)\Un\'^dx ^ 0. 

Jr^ Jr^ 

The last limit combined with 1 (02)] gives 

/ ^{\VUn\)dx + fJ. ^{\Un\)dx ^ 0, 

Jr^ Jr^ 

implying that ^ 0 in 10. 


Theorem 3.4 Suppose that (f’s)’ (^i) (^ 4 / (^i) (^a)' (fi) (fs) and 


(Vb) hold. Then, (P^) has a nonnegative ground state solution. 


Proof. The result follows combining the mountain pass theorem with Lem¬ 
mas 13.21 and [331 ■ 
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3.1 Behavior asymptotic, regularity and positiveness of so¬ 
lutions 


In this section, we will study the behavior asymptotic, regularity and 
positiveness of the nonnegatives solutions of (P^). Hereafter, we adapt some 
arguments found in [6l [23l [35] . 


Lemma 3.5 Letu G 
Then, 


t>N\ 


be a solution of (Pn), xq G 


t,N 


and Rq > 0. 


' ^k,t 


iVnpdx < c 


(/ 

u — k 

\ ^k,s 

s — t 


dx + (F* + l)\Ak,, 


where 0 < t < s < Rq, k > > 1, to be chosen and 

Ak,p = {x G Bp{xo) : u{x) > k}. 


Proof. Let n be a weak solution of (|P„|), xq G and iio > 1- Moreover 


fixO<t<s<l<i?o and ^ G ) verifying 

0 < ^ < 1, suppf^ C Bs{xq), ^ = 1 on Bt{xo) and |V^| < 
For k > 1, set p = — A:)_|_ and 


s — t 


J= / $(|Vu|)Cdx. 


Using p as a test function and {(j) 2 ). we find 


IJ < m [ f{\Vu\)\\/u\\V^\f^-^{u-k)+dx 

^k,s 

—p j (j){\u\)uff^{u — k)j,.dx + f f{u)f,"^{u — k)+dx. 

J Ah a Ah a 


Now, from (/i), (ra) (r 4 ) and (^ 2 ) there exists a constant ci > 0 such that 
IJ < m f (/>(|Vu|)|Vu||V^|^”^“^(u — A;)+(ix + Cl f b{\u\)\u\^'^{u — k)^dx. 

^k,s ^k,s 

For each r G (0,1), the Young’s inequalities gives 


•ivel 


0(|Vu|)|Vu||VC|C"'(u-A:)+ < $((/.(|Vu|)|Vu|C"*-V) + $(^(u-fe)+). 

r 
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It follows from m Lemmas 2.1 and 2.5] 

' {u — k)^- \ . u — k 


$ 


s — t 


< 


s — t 


+ 1 


and 


Now, fixing ?9 = (/)(|Vri|)|Vtt||V^|.^™'“^(ti — k)+, and using the above 
inequalities together with the A2-condition, we see that 


L 


u — k 


s — t 


dx + cel^fc,, 


-ddx < C2r”i-i / ^"^‘hdVttDdx + C3 / 

^fc,s ■^k,s 

m 

Choosing r such that 7nc2T^-^ < Z, we derive 

J < Cl [ 6(|u|)|u|.f”"(u - A:)+dx + C3 [ -—^ ^ dx + C7|Afc,s|-(3.4) 

J ^k,s J J^k,s '® “ ^ 

By Young’s inequalities, 

b{\u\)\u\nn-ku < mHMr)+B{\u-k\), 

from where it follows that 

f 6(|u|)|u|^™'(u — A;)+dx < C 4 f B{\u — k\)dx+ f B{\k\)dx. 

^k,s ^k,s ^k,s 

Applying m Lemma 2.1] for function B, we find 


B 


(u — k). 


< 


u — k 


s — t 

Now, using that 7* >62, we get 
[ bduDlul^'^iu-k)+dx < C 5 f 

d ^k,s d g 

From (13.4p and the inequality above, 


s — t 


62 


u — k 


s — t 


+ 1 . 


dx + C8(F* + l)|Afc,s 


J <C 


/ 

u — k 

y -d^k,s 

s — t 


dx + (F* + l)|Afc^, 


If <I> G Cm, as ^ = 1 on Bt{xQ), we obtain 




iVurdx < c 


( / 

u — k 

\ ^k,s 

s — t 


dx + (k'^ + l)|Afc^, 
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On the other hand, if $ ^ Cm, the inequality 


t' < $(t) + 1 Vt > 0, 


leads to 



iVufdx < c 



dx + (F* + l)\Ak,s 


finishing the proof. 


The lemma below is crucial in our work, because it shows that the 

l^) and they go to zero at infinity. 


solutions of (Pn) are in L 


Lemma 3.6 Let u G 

u G and u G 


>N 


be a nonnegative solution of (P^). Then, 
. Furthermore, 


lim u{x) = 0. 

|x |—>+00 


Proof. We will divide our proof into three steps. 

Step 1: u£ 

To begin with, fix i2i > 0, Kq > 1 and xq G Consider K > Kq and 
dehne 


.^1 Pi _ T (^n+1 j P f f 

(^n - — + , CTn - - and Kn - — [I - 


For each n G N, hx 


Jn= ((U - Kn) + r dx 


and 




r,N 


where ^ G C^(M) satishes 


1 3 

0 < ^ < 1, .^(t) = 1 for t < - and ^(t) = 0 for t > -. 
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From definition of 


Cn = 1 inand = 0 outside ^^^(xo), 
consequently 

Jn+l < / {{u - Kn+l)+inV* dx. 

{xo) 

As {u — Kn+i)+Cn S (^o))) it follows from continuous imbedding 

and Poincare’s inequality that 

jZl<CiN,l) [ \V{{u-Kn+l) + ^nWdx. 

JBn^ (xo) 

Now, proceeding in the same way as in [6l Lemma 5.5], we find the inequality 

Jn < 


where C = , Ri), A = ^ t and rj = ^— 1. 

We claim that 


Jo < C^A iJ. 


(3.5) 


Indeed, note that. 


Jo = / {u — Jfo)+ dx< (u — Jfo)+ dx. 

dAKo,ao 

Then, by the Lebesgue’s Theorem, lim Jq = 0, from where it follows 

Ko—>+oo 

that (|3.5p holds for Kq > 0 large enough. Thus, by [25l Lemma 4.7], 


lim Jn = 0. 
n^+oo 

On the other hand, 


lim Jn 

n^+CX) 


lim [ {{u — Kn)+V dx 

n^+QO I. 

^ ^Kn,(Tn 


f i{u-^)+y*dx. 


Hence, 


W fli 
T’T 


{{u - dx = 0, 
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leading to 


u{x) < — a.e in B^{x{)). 

2 2 

Recalling that xq is arbitrary, the last inequality ensures that 

K 

u{x) < — a.e in 

showing that u G 

Step 2: u G 

This regularity follows applying the results found in DiBenedetto m and 
Lieberman m- 

Step 3: lim u(x) = 0. 

|x|^+oo 


Repeating the same arguments used in Step 1 with RT = | and Kq = 
(5 > 0, we find 


Jo = / {u- Ko)l dx < 


' ^K. 




[ (u- j)\ dx. 


Since 


lim 


\x:o\^+oo JB {xo) 4 


(u — -)\ dx = 0, 


we also have 


lim Jo = 0. 
|a;o|->'+oo 


Then, there exists R* > 0, such that 


Jq<C^A for |xo| > R* 


Applying the Lemma |25l Lemma 4.7], 


lim Jn = 0 if |xo| > R*, 
n^-\-oo 


that is, 


[ {u—^)"[dx = 0 for |xo| > R*. 

Ja, 4 


Ri 

I’T 
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I 


The continuity of u yields 


u(x) < - \/x € 

4 


r>N 


\BrM, 


finishing the proof of the lemma. 


Thanks to Lemma F.S.hl we are able to prove the positiveness of the ground 
state solution obtained in Theorem 13.41 


Corollary 3.7 Let u G 1^\{0} be a nonnegative solution of (P^). 
is positive solution. 


Then, u 


Proof. By Lemma [T6l u G If C is a bounded domain, the 

regularity theory found in m implies that u G Using this fact, in 

the sequel, we fix Mi > max{||Vu||oo, 1} and 


4>{t) = < 


4>it), t < Ml 


M- 


1-2 


t > Ml. 


A simple computation yields there exists oi > 0 verifying 
^(|2/|)|yP > ai\yf -ai Vy G 


(3.6) 


Using the above function, we also define the function 

My) = —M\y\)y, 

ai 

which verifies 

My) = — 4>i\y\)y for |y| < Mi 

cy.1 

and 

\My)\ < c\yM^ Vy G n, 

for some positive constant c. By (13.6p . 

yA{y) = a~^M\y\)\y\‘^ > |y|' - 1 Vy G U. 

Setting B{x) = —(/i(^(|u(x)|)u(x) — f{u{x))), we infer that tt is a weak 
solution of the quasilinear problem 

—divA{Vu{x)) + B{x) = 0 in Ll. 

Since Ll is arbitrary, by [36l Theorem 1.1], we deduce that u is a positive 
solution. ■ 
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4 Existence of positive ground state solution for 
the Nonautonomous case 


In this section, our first goal is to prove the existence of positive ground 
state solution for the following quasilinear problem 

—/S.(^u + V{ex)(f){\u\)u = /(«) in 

< u{x) > 0 in R^, (Pe) 

when e is small enough. To this end, let us denote by /g : Xg ^ R the energy 
functional related to dfil ) given by 

= f $(|Vu|)(ix + [ V{ex)^{\u\)dx — f F{u)dx, 

Jm.^ Js.^ Jm.^ 

where denotes the subspace of IT^’'^(R^) given by 

X, = G IT^’^(R^) : [ V{ex)<^{\u\)dx < +ool , 

I Jrn } 

endowed with the norm 


|tt||e = ||Vtt||$ + ||u||#,i4. 


where 


11^^11$,\4 := inf |a > 0; J < l|. 

By (Vo)) the embeddings 

X, L^(R^) and X, L^(R^) 


are continuous. Using the above embeddings, it is standard to show that 
4 G C^(Xe,R) with 


I^{u)v = / 0(|Vtt|)VttVudx + / V {ex)4>{\u\)uvdx — / f{u)vdx, 
JrN JrN JrN 

for all u,v G X^. Thereby, tt G X^ is a weak solution of d^] ) if, and only if, 
rt is a critical point of Furthermore, by (13.11) . the critical points of are 
nonnegative. 

Moreover, as in [H Lemma 4.1], verifies the mountain pass geometry. 
Therefore, applying again a version of Mountain Pass Theorem without 
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the Palais-Smale condition found in m. there exists a {PS)c^ sequence 
(un) C X^, that is, a sequence satisfying 

Ie{Un) Ce and l'^{Un) 0, 

where q is the mountain level of I^- Arguing as in Lemma [3.11 we can prove 
that Ce verifies the equality below 

Ce = inf Liu) = inf maxL(tu), 

«eA4 «eXe\{o} t>Q 

where A4 denotes the Nehari manifold related to given by 
A/’e = {u G A£\{0} : /g(n)u = 0}. 

Our first lemma shows that the Nehari manifolds has a positive distance 
from the origin in and its proof follows by using standard arguments. 

Lemma 4.1 For all u G J\f^, there exists k > 0, which is independent of e, 
such that 

||u||e > k. 

The lemma below establishes some properties involving the (PS) 
sequences for A. Since it follows repeating the same arguments used in 
Lemma 13.21 we will omit its proof. 

Lemma 4.2 Let {un) he a sequence {PS)c- Then, (tt„) is a bounded 
sequence in X^. Moreover, if Un ^ u in X^,, for some subsequence, we 
have that 

[i) Unix) —>■ u(x) a. e. in R^, 
in) Xunix) Vuix) a. e. in 
iiii) /g(u) = 0, 

iiv) Un- = max{—Un,0} —>■ 0 in X^. 

(u) Un+ = max{u„,0} is a iPS)c sequence for A. Hence, we can assume 
that Un > 0 for all n G N, and so, u > 0. 

The next lemma is a version of Lemma 13.31 with replaced by A, and 
the proof can be made using the same ideas. 

Lemma 4.3 Let iun) C 6e a iPS)c sequence for A with ^ 0 in X,,. 
Then, 
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a) Un ^ 0 in X^, 
or 

b) There exist constants Ro,t > 0 such that 

liminf sup / > r > 0. 

JBno(y) 

The next lemma is crucial to show that R verifies the {PS) condition at 
some levels. 


Lemma 4.4 Assume that Voo < +oo and let {vn) C be a {PS)c sequence 
for R with Vn ^ 0 in X,.. If Vn ^ 0 in X^, then dy^ < c. 


Proof. Let (t„) C (0, +oo) be a sequence such that G A4y^. Adapting 
the same arguments explored in [3l Lemma 3.3], we conclude that (tn) 
satisfies 

limsuptn < 1- 

n^ + CXD 

Next, we will study the following cases: 


Case 1. limsuptn = 1- 

n—)-+oo 

In this case, there exists a subsequence of (tn), still denoted by itself, such 
that tn ^ 1- Using the fact that {vn) is bounded in Xg together with the 
condition (Vb), given r/ > 0, there is > 0 such that 


Ie{Vn) - Iv^{tnVn) > f ^{\VVn\) - ^{\VtnVn\) dx + [ F{tnVn) - F{Vn) 


dx 


+ Voo 

From the mean value theorem. 


L 




4>(|u„|) - ^{\tnVn\) dx - rjC^ + o„(l). 


^{\VVn\)-^{\VtnVn\) dx = On{l), / (|u„|)-4>(|) dx = On(1) 


/ F{tnVn) - F{Vn) dx = On{l)- 

JRN L J 


Then, 


C — ^^('Un) T On(l) F dy^ F I^{Vn) (tn^n) T On(l) F dy^ C*47yTOn(l). 
As r] is arbitrary, taking the limit of n —>■ +oo, we derive that c > dy^. 
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Case 2. limsupt„ = to < 1- 

n^+CXD 

In this case, we may suppose that there exists a subsequence of (t„), still 


denoted by (t„), satisfying tn —>■ to and tn < 1 for all n G N. By (^ 3 ) and 


|(/ 3 )[ the functions P{s) = $(s) — ^(p{s)s'^ and Q{s) = ^f{s)s — F{s) are 
increasing in ( 0 ,+oo), thus 

dv^ < [ P{\Vvn\)dx+[ V{€x)P{\vn\)dx+2r] [ ^{\vn\)dx+[ Q{vn)d: 

Js.^ JR^ JR^ JR^ 

implying that 

dVoo < Cir? + Ie{Vn) - —l'^iVn)Vn = C^T] + C + On(l). 
m 

As T] is arbitrary, taking the limit of n —>■ + 00 , it follows that c > dy^- ■ 

The next two results are technical and they will use to show the local 
Palais-Smale condition for /(,. The first one is an immediate consequence of 
a result Brezis-Lieb in m and it has the ensuing statement 


.X, 


Lemma 4.5 Assume that (p satisfies (4>i) (fiz). Suppose also that {un) C 
is a {PS)c sequence for with 


Un{x) —>• u{x) and Vun{x) —)■ Vu{x) a.e in 


t,N 


Then 


[ ^{\Vvn\)dx = [ ^{\Vun\)dx - [ 4>(|Vtt|)dx + o„(l), (4.1) 

JR^ JR’^ JR’^ 

V{ex)^{\vn\)dx = f V{ex)^{\un\)dx- [ V{ex)^{\u\)dx + On{l), (4.2) 

V JRN jRiV 

I 

I F{Vn)dx = I F{un)dx - I F{u)dx + Onil), (4.3) 

Jrn Jr^ 


where Vr, = Un — u 


Proposition 4.6 Let (un) <Z he a {PS)c sequence for such that 
Ur, ^ u in Xf. Then 


Ie(Tn) — It(Xn) Itix) T Oj^(l) 


(4.4) 
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and 


where Vn = Un — u. 


hei'^^n) — On(l)) 


(4.5) 


Proof. The proof of (14.4p follows from (14.111 . (14.21) and (14.311 . To prove 
(j4.5ll . it is sufficient to show that 

WhiVn) - I'tiUn) + Ieiu)\\ = On(l)- 

Let w ^ with ||rc||e < 1 and Qe{w) = |(-fg(un) — l'e{un) + Note 

that 

Qtiw) < I Ui\X{Vn+u)\)V{Vn+u) - (j){\XVn\)^Vn- (pilVuDXuUVwldx 

Jr^ 

+ / U{\Vn + u\){Vn + u) - (j){\Vn\)Vn - (j){\u\)u\\w\V{ex)dx 

jRl^ 

+ [ \{f{Vn+u) - f{Vn) - f{u))w\dx. 

JR^ 

Applying the Proposition 12.11 we obtain 

Qe{w) < On(l)||w||e + / \f{Un)w-f{Vn)w-f{u)w\dx. (4.6) 

Jr^ 

Since w € X^, using (/i), (ra) and Holder inequality combined with compact 
embedding and Lebesgue’s Theorem yields, for each rj > 0, there exists 
Rq > 0 such that 


/ \f{Un)w-f{Vn)w-f{u)w\dx < On(l)+CiT/+ / \f{Un)w-f{Vn)w\dx 

JRN 

Now, it is enough to show that 

/ \f{vn + u) w — f{vn)w\dx = On(l), uniformly for ||rc||e < 1. (4.7) 
Jb% ( 0 ) 


By (/i), (n) (r2) and (6i) (62) 


\fivn + u)- f{vn) < Cir(|un|)|n| + cir{\u\)\u\ + C 2 b{\vn\)\u\ + C 26 (|n|)|li|. 


Now, using (r^) and ( 64 ), we derive that 

\f{Vn + u)w - f{Vn)w\dx = 0^(1). 


sup / 
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Hence, by (14.61) and (14.7p 


sup Qe{w) = On{l) 


implying that 



On(l)- 


The next result establishes a compact embedding involving the space 
X^. The particular cases where 4>(t) = for > p > 1 and 

~ 11^1'^ for > g > p > 1 were considered in [13] and [3| 

respectively. 

Lemma 4.7 If 14o = +oo, the embedding ^ is compact. In 

particular, the embedding X^ ^ is compact, if B is a N-function 

satisfying l(b^ 

Proof. Let (un) C Xg be a sequence bounded with Un ^ u in Xg. For each 
T] > 0, there exists Rq > 0 such that 


V(ex) > \x\ > Ro- 

r] 


Thereby, 



Here, we have used that 


Un^u in L^(Hk(,( 0 )). 


Using the boundedness of (un) and the arbitrariness of rj, we can ensure that 


Un ^ u in 


To conclude our proof, if B verifies [( 64 )[ for each p > 0, there is Ur, > 0 such 
that 



\n — u\)dx < Crj 


[ 


‘n 


u\)dx + r] 



—u\)dx, Vn G N. 
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As r/ is arbitrary, using the boundedness of {un — u) in together 

with the fact that —)■ u in we deduce that 



u\)dx 0, 


showing that ^ u in L^(M 


N\ 


The proposition below shows where the (PS) condition holds for A. 


Proposition 4.8 Assume that Voo < +oo. Then, A satisfies the {PS)c 
condition for any c < dy^ ■ If 14© = +oo, the {PS)c condition occurs for 
any c G M. 


Proof. Let (ri„) C be a sequence such that leiun) c and I'fiun) — > 0. 
Setting Vn = Un — u, it follows from Lemma 14.21 and Proposition 14.61 

IfiVn) = C- Ifiu) + On{l) =c + On{l) and I'fiVn) = On{l). 


By 1(02)1 and |(/2)i 

Ifiu) = Ifiu) — {u)u = f (<h(|Vu|) —^0(|Vrt|)|Vttp)(ix 


+ 


[ (—f{u)u — F{u))dx+ [ P(3:)(<l>(|u|)— —(j){\u\)\u\‘^)dx>0. 

Jrn Jkjv m 


Assume that 14o < +oo. As (u„) is a sequence {PS)c and c < c < the 
Lemma 14.41 yields 

Vn ^ 0 in Ag, 

showing that u in A^. Now, if 14o = +oo, by Lemma [4.71 up to a 

subsequence, ^ 0 in the spaces and By (/i), (ra) {rfi) 

(02) and 1(63) [ we derive that 


/ 

Jw 


f{Vn)Vndx 0 . 

The boundedness of {vn) combined with the limit Ifivn) = 0^(1) gives 

[ 0(|VUn|)|VUnpdx+ /" V {x)fi{\Vn\)\Vn\‘^ dx = Onil) ■ (4.8) 

Jr^ Jr>^ 

Gathering (14.81) with (02), we conclude that ^ 0 in A^, or equivalently, 
rtn ^ n in Ag. ■ 


The next proposition shows that the (PS) condition holds for fi on A4 
at some levels. 
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Proposition 4.9 Assume that Voo < +oo. Then, Ig satisfies {PS)c 
condition on Me for c G (0,4y^). If Voo = +oo, the (PS) condition occurs 
for any c G M. 

Proof. Let {un) C Me be a sequence verifying 

Ie{Un) c and || 4(«n) ||*= On(l). 

Then, there exists (A^) C M such that 

lei^n) — AyiT^('ltyi) +0^(1), ('^•9) 

where —>■ M is given by 

Je{u) = f (/)(|Vti|)|Vri|^dx + f Ve{x)(j){\u\)\u\‘^dx — f f{u)udx. 
Jrn J^n J^n 


From dehnition of Je 


j'e{Un)Un = / {(j) {\VUn\)\VUn\ + Un\))\S/Un\^dx 

+ / Ve{x)[(j) {\Un\)\Un\+2(i){\Un\))\Un\^dx 

- {/{Un){Unf + f{Un)Un)dx. 

Jr^ 

The last equality, |((/> 3 )| and l'e{un)un = 0 combine to give 

-j'fiUn)Un > / {f\un){Unf - {m-l)f{Un)Un)dx. 


Since {un) is a bounded sequence, we can assume that Un u m Xe- 
Moreover, there exists a subset C with positive measure such that 
u > 0 a.e. in Suppose that 

limsup Jg(«n)rtn = 0 . 

n—)-+oo 

Using [(^^)] and applying the Fatous’ Lemma in the last inequality, we get 
0> / [/{u){u)'^ — {m — l)f{u)u)dx > 0, 

Jn 

which is an absurd. Hence limsup < 0, implying that = 0^(1) 

n^+oo 

for some subsequence. This combined with (|4.9|) gives I'eiun) = On(l), 
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showing that {un) is {PS)c- Now, the result follows from Proposition 14.81 ■ 


As a by product of the arguments used in the proof of the last 
proposition, we have the following result. 

Corollary 4.10 The critical points of functional!on Me are critical points 
of le in Xe- 


Using the previous result proved in this section, we are able to prove the 
existence of positive ground state solution for dPeD when e small enough. 


Theorem 4.11 Assume that (4>i) (4>5). (fi) (r^), (hi) (b^). (fi) (fs) and 


(Vb) hold. Then, there exists e > 0 such that 
state solution for all 0 < e <e. 


has a nonnegative ground 


Proof. We begin recalling that A satisfies the mountain pass geometry. 
Then, there exists (un) C satisfying 

Ie{Un) Ce and 4(Un) 0, 


where denotes the mountain pass level associated with A. If Vqo = + cxd , 
by Proposition 14.81 there exists u € X^ such that, for some subsequence, 
Un ^ u in Xe- Therefore, 

Ie{u) = Ce and = 0. 

If Uoo < + 00 , we must prove that € (0, dy^) for e small enough. To do 
that, consider without loss of generality that U(0) = Vq and fi € (Vb)14o)- 
Then, by definition of the mountain pass level, we have that 


dvo < d/j, < dv^ ■ 

Thus, there exists w G with compact support, such that 
E^{w) = maxEfe{tw) and Efj_{w) < dvao- 

From (Vq)) there exists e > 0 such that 

V{ex) < fi, Ve € (0,€) and Vx G suppw. 

By a direct computation, maxA(tt(;) < E^{w), and so, 

Ce<dv^, VeG(0,e). 

Now, the theorem follows from Proposition 14.81 ■ 
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5 Multiplicity of solutions to ([^ 


In this section, our main goai is to show the existence of muitipie soiutions, 
and the behavior of their maximum points of the soiutions in reiation to the 
set M. 


5.1 Preliminary results 


In order to prove our main theorem, we must fix some notations. In what 
follows, w € denotes a positive ground state solution of (Pvb), 

(5 > 0 is small enough and r] S +oo), [0,1]) is given by 


r]{s) 


1, if 0 < s < I 

0, if s > h. 


Using the above notations, for each y € M, we set 


T / N /I — y . 

'^e,y{x) = r]{\ex - y\)w {——). 

Note that, G for each y G M. Thus, there exists U > 0 such that 
te'^€,y £ A4 and 

Ie{te'i>e,y) = lUaX. 

Consequently, we can define ; M —>■ A4 by '^e{y) = By 

construction, has compact support for any y G M. 

Lemma 5.1 The function Tg verifies the following limit 

lim/g('hg(y)) = dy-Q, uniformly in y £ M. 


Proof. It is sufficient to show that for each (y„) C M and (e^) C M'*' with 
En —>• 0, there is a subsequence such that 

enivn)) dvg- 

Recall firstly that = 0, that is, 

/ 0(|V($e„(yn)|)da:+ / V{enX)fi{\^eAyn)\)dx= [ f{^eAyn))^en{yn)dx, 


where 0(s) = (f{s)s‘^ for all s > 0. Using {(p 2 ) and [191 Lemma 2.1], 

/ fi{\X{^en{yn)\)dx + [ V{€nZ + yn)^{\^eAyn)\)dx 
Jrn Jrn 




‘^(|V('h.„,,J|)dx+ / V{er,Z + ynm^e„,yJ)dx 
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where ^i(t) = max{i , t"*}. On the other hand, considering the change of 
variable z = it follows that 


/ f{'^e„{yn))^e„{yn)dx = / f {te^r]{\enZ\)w{z))t,^r]{\enZ\)w{z)dx. 

Jk.^ Jrn 

As T/ = 1 on Bs(0) and Bs{0) C -B^(O), we have that 

L 

+ f ^ {^nZ + yn)^{\^ en,yn\)d'- 

JRN 




iBsiO) {ter,w{z)) 


.X 


By Lemma 13.61 we know that re is a continuous function. Then, there is 
zq G such that 

w(zo) = min w(z), 

^eBs (0) 

and so, 

f \t,.M^)rdx < [ $(iv(4-..,,ji)dx 

{ter.W[Zo)r Jbs{0) 

+ [ V{€nZ + yn)<^i\'i>er.,yJ)d: 

Jrn 

By |(/3)[ there are di,d 2 >0 such that 

[d^{t,Mzo)f-^ - d 2 {BMzo))-^]tZ [ \wiz)rdx 

Jbs (0) 

[ ^>(|V(Te„,y„)|)dx+ / V{enZ + yn)^{\'i>er,,yJ)dx 

L JrJV JrAT 

Now, arguing by contradiction, we will suppose that, for some subsequence, 

—>■ +00 and > 1 Vn G N. 

Thereby, and 

[di{t,M^o))^~" - d2{t,Mzo)r"^] [ \w{z)rdx 

JBsiO) 

2 


< m 


[ ^(|V(^'c,,j/„)|)dx+ [ V{enZ + yn)<^i\'i>er.,yJ)dx 

Jrn Jr^ 
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Note that the right side of the above inequality is bounded, while that 

[di{ter,w{zo))^~'^ - d2{te^w{zo))~'^] + 00 , 

what is a contradiction. Therefore (te„) is bounded, and for some 
subsequence, there exists to > 0 such that to- Now, recalling that 

'^eniVn) € A4„, we know that ||'I'e„(y„)||e > /c for all e > 0. Using again the 
Lebesgue’s Theorem, it is possible to prove that 

Ey^{tow){tow) = 0 and ||tot(^||yvb ^ 

implying that to > 0 and tow G Mvo- However, as tc is a ground state 
solution, we must have to = 1- Since t„ —)■ 1, we apply again the Lebesgue’s 
Theorem to get 

lim (?/„)) = Evo{w) = dvo, 

n—)-+oo 

finishing the proof. ■ 

In the sequel, we state an important result of compactness for for E^ 
restricts to Nehari Manifolds The proof is quite similar to the case 

where ‘h(t) = ^|t|^, which was made in [2], then we will omit its proof. 

Lemma 5.2 (A Compactness Lemma) Let (un) C be a sequence 
satisfying E^(un) —)• d^. Then, 

a) {un) has a subsequence strongly convergent in Y^, or 

h) there exists a sequence {yn) C such that, up to a subsequence, 
Vn{x) = Un{x + ijn) Converges strongly in Y^. 

In particular, there exists a minimizer for d^^. 

Our next result will be crucial to study the concentration of the solutions. 

Proposition 5.3 Let —>■ 0 and (un) C be such that Ie„{un) —>• dvb- 
Then, there exists a sequence {yn) C such that Vn{x) = Un{x + yn) has a 
convergent subsequence in Yy^. Moreover, up to a subsequence, Vn U ^ M, 
where yn = enVn- 

Proof. Applying the Lemma [4.3l we find a sequence (yn) C and positive 
constants Eq and r such that 

/ ^(un)dx > T > 0. (5.1) 

dB rq iVn) 
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Since, (un) C A/’e^ and I^^{un) dvo, we know that (un) is bounded in Yvb. 
Then, setting Vn{x) = Un{x + yn), up to a subsequence, there is u G Yvb \{0} 
such that Vn ^ V in Yvb u 7^ 0 by (|5.1I) . Let tn > 0 such that 
Vn = tnVn ^ Mvq- Then, 

EvoiVn) < leitnUn) < max I^„(tUn) = Ien{Un), 


and so, 


Evoivn) ^ dvo and {vn) C Mvo- (5.2) 

Using (ESI), it follows Un ^ u in Yvb- It is possible to check that (tn) 
is bounded. Moreover, up to a subsequence, tn —> to > 0, implying that 
V = tQV. Thus, it follows that Un —?> u in Yvb showing that Un —t u in Ivb. 
Now, the proof follows as in [21 Proposition 4.1]. ■ 

In the sequel, for any (i > 0, let /? = p{S) > 0 be such that Ms C Bp{0). 
Let X : given by 

( X, if X G Bp{0) 

X{x) = S if X G B'piO) 

I X 


and (5 ■. Me ^ given by 


/3(u) = 



Lemma 5.4 The function satisfies the following limit 
lim /3{^er,iy)) = Vj uniformemente em M. 


Proof. The lemma follows by using the definition of ^eniu) together with 
the Lebesgue’s Theorem. ■ 

In the sequel, we consider the function h : M"*" —>■ M"*" given by 

h{e) = sup \Ie{^e{y)) - dvo\, 

y£M 
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which verifies, by Lemma l5.ll lim h(e) = 0. Moreover, we set 


AC := {rt e AC : A(rt) < dvb + K^)}- 


From Lemma 15.11 'Le(y) € AC, showing that AC ^ 0. Using the above 
notation, we have the following result: 


Lemma 5.5 Let S > 0 and Ms = {x G : dist{x, M) < 5}. Then, the 
limit below hols 

lim sup inf \d(u) — v\ =0. 


Proof. The proof follows as in [21 Lemma 4.4]. 


6 Proof of Theorem 11.11 

We will divide the proof into two parts: 

6.1 Part I: Multiplicity of solutions 

For each e > 0 small enough, the Lemmas 15.11 and 15.51 ensure that /3 o 4'^ is 
homotopic to inclusion map id : M —>■ Ms, showing the following estimate 
holds 

catj^^{Kf^) > catMs{M). 

Since 1^ satisfies the {PS)c condition for c G (dvb)^Vb + by the 

Lusternik-Schnirelman theory of critical points, we can conclude that A has 
at least catMs{M) critical points on AC. Consequently by Corollarv l4.ini A 
has at least catMs{M) critical points in W. 

6.2 Part II: The behavior of maximum points 

The next result plays an important role in the study of the behavior of the 
maximum points of the solutions. 

Proposition 6.1 Let vj G be a solution of the following problem 

{ —A^vj + Vj{x)4>{\vj\)vj = f{vj) inM.^, 

Vj G (Pj) 

Vj >0 in , 
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where Vj{x) = V{ejX + ej-yj), ejuj y in and Vj v in 

Then vj G vj G and there exists C > 0 such that 

ll^^jlloo < C for all j (zN. Furthermore 

lim Vj(x) = 0, uniformly in j. 

\x\^+oo 

In order to prove the above proposition, we will use the lemma below, 
which is a version of Lemma 13.51 for the nonautonomous case, whose the 
proof explores the same ideas. 


Lemma 6.2 If Vj 

Rq > 0, then 




) is a solution of problem (Pj), xq G and 



Vj — k 

< c / 



s — t 


dx + + l)|Ajsi ], 


where 0 < t < s < Rq, k > ko > 1, ko to be chosen, and 
Aj^k,p = {x € Bpixo) : Vj{x)>k}. 


Proof of Proposition 16.11 


Proof. To begin with, fix an,Tn and Kn as in Lemma 13.61 
Step 1: There is C > 0 such that ||fj||oo < C \/j £ N. 
Define for each j 


Jn,j = / {{vj - Kn)+V*dx. 

^j,Kn,CTn 

Repeating the same arguments found in proof of Lemma (3.61 we see that for 
each j G N, 

Jnj<CA^jl+^ VnGN, 
where C is independent of n. Now, we claim that 

1 _ 1 

Jo,j < A r , for j w +00. 

Indeed, since Vj — v in IT^’*(M^), 


lim sup 

Kq^-\-oo 


( lim sup Jqj 

j^+oo 


lim sup 

Kq^+oo 


( lim sup / [vj 

j^+CxD J Aj^KQ,tro 



= 0 . 
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Then, there are jo S N and Kq > 0 such that 


Jo,j <C^A for j > jo and Ko>Kq. 


By Lemma |25t Lemma 4.7], 


lim Jn,j = 0, for j > jo- 
n^+cx> 


On the other hand, 


lim Jn j = lim 

n—>-+oo ’ n—>-+oo j 




{{Vj - Kn)+T*dx = [ dx. 

JA ^ 4 


, K «1 


Thus, 


leading to 


[ ((^i - ^)+y*dx = 0, for all j > jo, 

JA R. ^ 


, K Rl 


K 

Vjix) < — a.e in B^{xo), for all j > jo- 


Since xo G is arbitrary, we deduce that 


K 


that is. 


Ujix) < — a.e in for all j > jo, 


K 


Tj 11 oo ^ (, '^j ^ jo ■ 


Setting C = maxj-g-, ||ui||oo,., lbjo-illoo}) we have that 


lO’lloo < C’ Vj G N. 


Step 2: Vj G 

This regularity follows applying results found in DiBenedetto m and 
Lieberman m- 

Step 3: lim Vj(x) = 0 uniformly in j. 

\x\—>-+oo 
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Repeating the same arguments explored in Step 1, for each (5 > 0 we have 
that 


limsup I limsup Joj j = limsup ( limsup Jo,j / {vj — -)\ dx\ =0. 


Ixol^ + CXD Y i^ + OO 


Ixol^ + OO Y J^j,KQ,rTQ 


Thereby, there are ii* > 0 and jo € N such that 


1 _ 1 

doj < B ^ when |xo| > R* for j > Jq. 


Applying the Lemma |25l Lemma 4.7], 


lim Jn,j = 0 if jxoj > R*, for j > jo. 


n^+oo 


that is, 


f (5 * 

/ {vj — -)'\dx = ^ for |xo| > R*, for all j > jo 

Jb„Axo) 4 


{xo) 

“ 3 “ 

showing that 


Vj{x) < - for X G B^{xq) and jxoj > i?*, for all j > io- 
4 2 

Now, increasing R* if necessary, 


Vj{x) < - for |x| > R* for all j € N, 


finishing the proof. 


Corollary 6.3 Let Vj G VL^’^(M^)\{0} a solution of 
positive. 

Proof. The proof follows by using similar arguments as 




Then, Vj is 


in Corollary 13.71 ■ 


Lemma 6.4 There exists a > 0 such that ||ujj|oo > o for all j G N. 

Proof. The proof follows arguing by contradiction and using the fact that 
ll^jllej > k for all j G N, where k was given in Lemma l4.II ■ 
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The behavior of maximum points Finally, as in [2], if is a solution 
of problem (-Pe„). Then, Vnix) = Ue^{x + y„) is a solution of problem 

-Aii,Vn + Vn{x)c/){\Vn\)Vn = /(u„) in M^, 

< Vn G {Pn) 

Vn > 0 in 

where Vn{x) = V{enX + enVu) and yn were given in Proposition 15.31 

Moreover, up to a subsequence, —)■ u in 1T^’‘*’(M'^) and —)■ y in M, 

where = enVn- Applying the Proposition 16.II and Lemma [631 there exists 

Qn G -6i?o(0) such that Vn{qn) = maxu,i( 2 :), for some Rq > 0. Hence, 

^eiR^ 

Xn = qn + Vn is a maximum point of and 

enXn y- 

Since V is a continuous function, it follows that 

lim V{enXn) = V{y) = Vo, 

72^ + CX) 

showing the concentration of the maximum points of the solutions near to 
minimum points of P. ■ 
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